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Summary:
Greater understanding of the pathways through which an environmental mixture oper-
ates is important to design effective interventions. We present new methodology to estimate
the natural direct effect (NDE), natural indirect effect (NIE), and controlled direct effects
(CDEs) of a complex mixture exposure on an outcome through a mediator variable. We
implement Bayesian Kernel Machine Regression (BKMR) to allow for all possible inter-
actions and nonlinear effects of 1) the co-exposures on the mediator, 2) the co-exposures
and mediator on the outcome, and 3) selected covariates on the mediator and/or outcome.
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From the posterior predictive distributions of the mediator and outcome, we simulate coun-
terfactuals to obtain posterior samples, estimates, and credible intervals of the mediation
effects. Our simulation study demonstrates that when the exposure-mediator and exposure-
mediator-outcome relationships are complex, BKMR–Causal Mediation Analysis performs
better than current mediation methods. We applied our methodology to quantify the contri-
bution of birth length as a mediator between in utero co-exposure to arsenic, manganese and
lead, and children’s neurodevelopmental scores, in a prospective birth cohort in Bangladesh.
Among younger children, we found a negative association between the metal mixture and
neurodevelopment. We also found evidence that birth length mediates the effect of exposure
to the metal mixture on neurodevelopment for younger children. If birth length were fixed
to its 75th percentile value, the effect of the metal mixture on neurodevelopment decreases,
suggesting that nutritional interventions to help increase birth length could potentially block
the harmful effects of the metal mixture on neurodevelopment.
Key words: Children’s neurodevelopment; Environmental mixture; Mixture; Multi-pollutant
exposure.
1 Introduction
The ability to identify pathways through which a complex exposure mixture operates is
critical for the development of public health policy, as mediation pathways can often be
influenced via interventions. In addition, exposure to environmental mixtures, opposed to
independently acting single agents, represents the real-life exposure scenario. Therefore, the
National Institute of Environmental Health Sciences (NIEHS) has prioritized the develop-
ment of statistical methods that quantify the effect of environmental mixtures on health
outcomes (Carlin et al., 2013; Braun et al., 2016; Taylor et al., 2016). With this increased
priority, new methodology is needed to measure mixtures effects and the pathways by which
they operate if we are to minimize the burden of disease.
Exposure to complex mixtures are ubiquitous, and recent work in toxicology and epi-
demiology now emphasizes assessing mixtures of chemicals. Since elements of a mixture
exhibit complex interactions, it is important to consider the whole mixture when evaluat-
ing the nature of the relationship of a mixture on a health outcome (Wright et al., 2006;
Claus Henn et al., 2012, 2014). Once a relationship between a mixture and outcome is
established, questions regarding the pathways through which the mixture operates arise.
Of note, in our examples, mechanisms can be biological processes (inflammation, en-
docrine disruption, etc.) or can be markers of biological processes (height, weight, etc.).
While we recognize that these markers are not directly mechanisms, they often are use-
ful as they represent composites of several mechanisms that may operate mechanistically.
For example, height (or birth length) reflects fetal nutrition, placental health and function,
inflammation, and likely genetics. We use mechanism when referring to length with the
understanding that it is the marker of multiple mechanisms and not the mechanism itself.
It should have all the properties of a biological mediator and may have higher power since it
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reflects the sum of multiple mechanisms. One approach to quantify operating mechanisms
is the use of causal mediation analysis (Pearl, 2001; VanderWeele and Vansteelandt, 2009,
2010; Valeri and VanderWeele, 2013). Causal mediation analysis allows for the decompo-
sition of a total effect (TE) of an exposure on an outcome into the pathway that operates
indirectly through an intermediate (mediator) variable and the pathway that is independent
of the intermediate variable, or that operates directly from the exposure to the outcome.
Researchers’ understanding of the pathways operating through intermediate variables may
illustrate policy recommendations to reduce the harmful impact of environmental mixtures
on health outcomes. For example, interventions that increase birth length (which can be
monitored in populations) may include nutrition, inflammation reduction or prenatal care
that improves placental function. The evidence that birth length mediates neurodevelop-
ment would point to this risk factor as a way to measure the impact of interventions on
neurodevelopment within populations at birth. Monitoring birth weight would be a far more
rapid way to determine the effects of pregnancy interventions on the brain than waiting
several years before an infant can be assessed for neurodevelopment.
Few methods exist to estimate mediation effects when the exposure of interest is a mix-
ture. If the mediator variable has a linear effect on the outcome, closed form solutions
are available (VanderWeele and Vansteelandt, 2009; Valeri and VanderWeele, 2013). In the
presence of a nonlinear effect of the mediator on the outcome, the algorithm presented by
Imai et al. (2010) can be used to estimate the natural direct effect (NDE), natural indirect
effect (NIE), and controlled direct effects (CDEs) of a mediator on the relationship of a mix-
ture on a outcome, through prediction of counterfactuals. However, both of these methods
assume no model misspecification. Thus, all true existing interactions between the individ-
ual elements of the mixture, the elements of the exposure mixture and mediator, and any
nonlinearities need to be included in the models for the mediator and outcome to obtain
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unbiased estimates. As the dimensions of a multi-dimensional exposure increase, it becomes
exponentially difficult to use current methods to obtain unbiased estimates of the mediated
effects. To our knowledge, no other methods currently exist to estimate the NDE, NIE,
and CDEs of a potentially complex exposure mixture on an outcome through a mediator
variable.
In this paper, we present a novel method to estimate the NDE, NIE, and CDEs for a
potentially complex mixture of exposures on an outcome operating through an intermediate
variable. We allow for highly complex exposure-mediator and exposure-mediator-response
functions using Bayesian Kernel Machine Regression (BKMR). BKMR has been shown to
perform well relative to simpler statistical approaches for estimating mixture effects (Bobb
et al., 2015). We use BKMR to model the relationship between the environmental mixture
and mediator as well as the relationship between the mixture, mediator and outcome since
BKMR allows for all possible nonlinearities and interactions among the mixture elements,
and between the mixture and the mediator, without a priori specification. We predict
counterfactuals using the posterior predictive distributions of the mediator and the outcome
and present an algorithm for estimation of mediation effects.
We apply this method to model data from a prospective birth cohort in Bangladesh.
Arsenic, manganese, and lead are known neurotoxicants (Bressler et al., 1999; Clarkson,
1987; Polan´ska et al., 2013; Vahter, 2008; Zoni and Lucchini, 2013; Lucchini et al., 2017)
that are abundant in the Bangladeshi environment, including in drinking water (Kile et al.,
2009), and the relationship between arsenic, manganese and lead on child neurodevelopment
has been shown to be complex (Wasserman et al., 2004, 2006, 2007, 2008; Wright et al., 2006;
Claus Henn et al., 2010, 2012, 2014; Hamadani et al., 2011; Valeri et al., 2017). In our data
application, we estimate the NDE and NIE to bring light to the relationship of this metal
mixture on child neurodevelopment operating through in utero growth, specifically birth
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length. Also, we estimate the CDE of the metal mixture on neurodevelopment at different
quantiles of birth length to assess if adequate in utero growth could potentially block some
of the harmful effects of the metal mixture on neurodevelopment. Since younger children
may have a higher rate of intestinal absorption and they have higher demands for iron, we
estimate these effects for different aged children (Lucchini et al., 2017).
2 Materials and Methods
2.1 Bayesian kernel machine regression
We first review BKMR presented by Bobb et al. (2015) as a framework to estimate the effect
of a complex mixture on a health outcome. For each subject i = 1, . . . , n, we assume:
Yi = h (Zi) + C
T
i β + i, (1)
where Yi is a continuous health outcome, Zi = (Z1i, . . . , ZLi)
T is a vector of length L con-
taining continuous exposure variables (e.g. metals) and other continuous variables that may
have a complex relationship with these exposures and outcome (e.g. effect modifiers or
confounders), Ci = (C1i, . . . , CPi)
T is a vector of additional covariates assumed to have a
linear effect on the outcome, and i
iid∼ N(0, σ2). Model (1) relates the outcome to the expo-
sure mixture through a flexible function, h(·), which accommodates for nonlinearity and/or
interaction among the variables in Z.
Identifying a set of basis functions to represent h(·) can be difficult, thus, we employ a
kernel machine representation (Cristianini and Shawe-Taylor, 2000). The unknown function
h(·) can be specified in two ways. One can either use basis functions or a positive-definite
kernel function K(·, ·) to identify h(·). Mercer’s theorem (Cristianini and Shawe-Taylor,
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2000) established that the kernel function K(·, ·) implicitly specifies a unique function space
spanned by a particular set of orthogonal basis functions, under regularity conditions. There-
fore, any h(·) in this function space can be represented by a set of basis functions or by the
dual representation kernel function K(·, ·). Liu et al. (2007) showed that model (1) can be
expressed as the mixed model (2):
Yi ∼ N(hi + CTi β, σ2) independent, i = 1, . . . n,
h = (hi, . . . , hn)
T ∼ N(0, τK),
(2)
where K, the kernel matrix, has (i, j)-th element K(Zi,Zj).
The kernel function K(·, ·) uses a metric of similarity to establish how close exposure
profiles Zi and Zj are for subjects i and j. We will focus on the Gaussian kernel, which
uses Euclidean distance as a means to quantify this similarity. Under the Gaussian kernel,
we assume corr(hi, hj) = exp
{
−(1/ρ)∑L`=1(zi` − zj`)2}, where ρ is a tuning parameter that
regulates the smoothness of the dose-response function. Intuitively, this assumption means
subjects with similar exposure profiles (Zi close to Zj) will have more similar risks (hi will
be close to hj).
To fit (1), we assume a flat prior on the coefficients for the confounding variables, β ∼ 1,
and assume σ−2 ∼ Gamma(aσ, bσ), where we set both the shape parameter aσ and the scale
parameter bσ to 0.001. For convenience, we parameterize BKMR model (1) with λ = τσ
−2,
where we assume a Gamma prior distribution for λ with mean µλ = 10 and variance σ
2
λ = 100.
We assume a uniform distribution ρ ∼ Unif(a, b) with a = 0 and b = 100 for the smoothness
parameter ρ. For additional details regarding BKMR and prior specification, see Bobb et al.
(Bobb et al., 2015, 2018).
When the exposure mixture contains more than a few variables, (1) can be fit with
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component-wise variable selection to add an additional layer of shrinkage above and beyond
the smoothing induced by (2). This results in a more parsimonious representation of the
mixture effect. To allow for variable selection, the kernel function K(·, ·) is augmented. In
the case of the Gaussian kernel, the kernel function is expanded as:
K(Zi,Zj; r) = exp
{
−
L∑
`=1
r`(Zi` − Zj`)2
}
, (3)
where r = (r1, . . . , r`)
T , and we assume a “slab-and-spike” prior for the auxiliary parameters,
r` | δ` ∼ δ`f1(r`) + (1− δ`)P0, m = 1, . . . ,M,
δ` ∼ Bernoulli(pi),
(4)
where δ` is an indicator that element ` is included in the kernel, f1(·) denotes a pdf with
support on R+, and P0 is the density with a point mass at 0.
2.2 Causal mediation analysis
In order to define causal contrasts in a mediation context, we first define our notation. Let
Yam denote the counterfactual outcome Y if the exposure level Z was set to z and mediator
level M was set to m. Let Mz be the counterfactual mediator level M that would have been
observed if the exposure Z was set to z. Accordingly, YzMz∗ represents the counterfactual
outcome Y if the exposure level Z was set to z and the mediator M was set to the level it
would have taken if the exposure level Z was set to z∗.
The mediated effects of interest, the natural direct effect (NDE), the natural indirect
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effect (NIE), and the controlled direct effects (CDEs), are formally defined as:
NDE = E [YzMz∗ − Yz∗Mz∗ ] , (5)
NIE = E [YzMz − YzMz∗ ] , (6)
CDE(m) = E [Yzm − Yz∗m] . (7)
The NDE captures the average difference in the counterfactual outcomes for a change in
exposure level z∗ to z, while fixing the mediator to the level it would have taken if the
exposure was set to z∗. The NIE measures the average difference in counterfactual outcomes
when fixing the exposure to level z, while the mediator varies from the level it would have
taken if the exposure was set to z compared to z∗. The CDE quantifies the average difference
in the counterfactual outcomes for a change in exposure level from z∗ to z, while intervening
to fix the mediator to a specified level, m.
2.3 Bayesian kernel machine regression–causal mediation analysis
We consider a single continuous health outcome Y , single continuous mediator variable M ,
exposure mixture Z comprised of L components, and confounder matrix C. To allow for
potentially complex relationships between the mixture elements, we model the mediator
variable using the BMKR model (8):
Mi = hM(Zi) + C
T
i β + Mi, (8)
where Mi
iid∼ N(0, σ2M). Since accounting for exposure-mediator interactions is important to
obtain unbiased effect estimates, we include the mediator variable along with the exposure
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mixture in the kernel function when modeling the health outcome in (9):
Yi = hY (Zi,Mi) + C
T
i θ + Y i, (9)
where Y i
iid∼ N(0, σ2Y ). By fitting the models separately, we assume Mi and Y i are indepen-
dent. To model the total effect of the exposure mixture on the outcome, we consider BKMR
model (10):
Yi = g(Zi) + C
T
i γ + ξi, (10)
where ξi
iid∼ N(0, σ2ξ ).
We estimate the NDE, NIE, and TE for a change in exposure profile from z∗ to z via the
following algorithm.
1. Fit BKMR mediator, outcome, and total effect models (8), (9), and (10), respectively.
2. For each Markov chain Monte Carlo (MCMC) iteration, j = 1, . . . , J :
(a) Generate k = 1, . . . , K samples of the mediator for the mean level of covariates
under exposure level z∗ from mediator model (8):
M
(jk)
z∗ (c¯) = E
(j)(M |Z = z∗,C = c¯) + σ(j)M N(0, 1)
= h
(j)
M (Z = z
∗) + c¯Tβ(j) + σ(j)M N(0, 1).
(b) For each of the j = 1, . . . , J iterations and k = 1, . . . , K samples of Mz∗ , estimate
the average outcome value for the mean level of covariates for YzMz∗ from outcome
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model (9):
Y
(jk)
zMz∗ (c¯) = E
(j)(Y |Z = z,M = M (jk)a∗ (c¯),C = c¯)
= h
(j)
Y (Z = z,M = M
(jk)
z∗ (c¯)) + c¯
Tθ(j).
(c) Let the jth posterior sample of YzMz∗ be the mean over theK samples, or Y
(j)
zMz∗ (c¯) =
1
K
∑K
k=1 Y
(jk)
zMz∗ (c¯)
(d) Since Yz∗ = Yz∗Mz∗ and Yz = YzMz , we sample the j
th posterior sample of Yz∗ and
Yz from the total effect model (10) instead of sampling Yz∗Mz∗ and YzMz for ease
of computation. We then calculate the average outcome value for the mean level
of covariates at z˜ =
(
z z∗
)T
from (10):
Y
(j)
z˜ (c¯) = E
(j)(Y |Z = z˜,C = c¯)
= g(j)(Z = z˜) + c¯Tγ(j)
3. Obtain the jth posterior sample of the NDE, NIE, and TE by:
NDE(j) = Y
(j)
zMz∗ (c¯)− Y
(j)
z∗ (c¯),
NIE(j) = Y (j)z (c¯)− Y (j)aMz∗ (c¯),
TE(j) = Y (j)z (c¯)− Y (j)z∗ (c¯).
4. Estimate the NDE, NIE and 95% credible intervals (CI) from these posterior samples.
Four no unmeasured confounding assumptions are required for the NDE and NIE to have a
causal interpretation: (i) YzmqZ|C, (ii) YzmqM |C,Z, (iii) MzqZ|C, and (iv) YzmqMz∗|C.
Namely, there are no unmeasured exposure-outcome confounders, there are no unmeasured
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mediator-outcome confounders, there are no unmeasured exposure-mediator confounders,
and the exposure does not affect any mediator-outcome confounders (VanderWeele and
Vansteelandt, 2010).
To estimate CDEs, only two no unmeasured confounding assumptions are required: (i)
and (ii). The algorithm to estimate CDEs is similar to the algorithm presented above. We
include explicit steps to estimate CDEs in Appendix A.
3 Simulation Study
We evaluated the ability of BKMR–CMA to estimate the joint mediated effects of a mixture
compared to the product method (Baron and Kenny, 1986) and causal mediation analy-
sis methods using linear models (VanderWeele and Vansteelandt, 2009, 2010; Valeri and
VanderWeele, 2013) under numerous plausible data generating mechanisms.
3.1 Setup
We first generated a true underlying dataset for each simulation scenario. The dataset
consisted of a continuous health outcome Yi, a continuous mediator value Mi, and an expo-
sure mixture Zi = (Z1i, . . . , ZLi)
T comprised of L continuous mixture components for i =
1, . . . , 1, 000, 000 subjects. The exposure mixture was generated as Zi ∼ N (0,Σ), the media-
tor asMi ∼ N(hM(Zi1, . . . , ZiQ), σ2M), and the health outcome as yi ∼ N(hY (Zi1, . . . , ZiR,Mi),
σ2Y ), where we assumed that the mediator depended on subset Q < L of the exposure mixture
components and the health outcome depended on the exposure subset R < L in addition to
the mediator. We set σ2M and σ
2
Y to realistic signal-to-noise ratios based on the Bangladesh
application (Section 4).
We considered two cases for number of mixture components, L = 3 and L = 10. For L =
10
3, we took the true covariance matrix Σ to be the covariance structure of in utero exposure
to manganese (Mn), arsenic (As), and lead (Pb) after log transform and standardization
from our Bangladesh application. For L = 10, we used the covariance structure from the
Bangladesh data for the first three elements of the mixture, and then set the remaining
covariances to 0.3. The correlation structures used in our simulation are summarized in
Figure 2.
We considered four scenarios for the true underlying exposure-mediator and exposure-
response functions hM(·) and hY (·), respectively. Our first scenario included a linear effect of
one metal, Z1, on the mediator and an additive interaction between the same metal, Z1, and
the mediator on the outcome, where linear models with an additive interaction is the “truth”
We also considered numerous nonlinear scenarios where the functions hM(·) and hY (·) are
logistic or quadratic and exhibit synergistic interactions. Figure 1 graphically displays the
functions we considered for hM(·) and hY (·) in our simulations. The specifications for each
scenario, including the metals considered to have an effect on the mediator and outcome and
the functions hM(·) and hY (·) used to generate the true underlying dataset, are summarized in
Table 1. For each simulation scenario, we randomly sampled 500 datasets of 300 observations
each, {Yi,Zi,Mi}300i=1, from the true underlying dataset of one million subjects.
For each simulation dataset, we first fit BKMR models (11) - (13) with and without
component-wise variable selection:
Mi = β0 + hM(Zi) + Mi, (11)
Yi = θ0 + hY (Zi,Mi) + Y i, (12)
Yi = γ0 + g(Zi) + ξi, (13)
where Mi
iid∼ N(0, σ2M), Y i iid∼ N(0, σ2Y ), and ξi iid∼ N(0, σ2ξ ). Using our proposed BKMR–
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CMA approach, we estimated the NDE, NIE, and TE for a change of the exposure mixture
from z∗, the exposures set equal to their 25th percentile in the true underlying dataset, to z,
where the exposures were set equal to their 75th percentile in the true underlying dataset.
Since the exposures were generated from a multivariate normal distribution with mean 0 and
variance 1, all elements in the z∗ vectors were extremely close to Φ−1 (0.25) = −0.674 and
all elements in the z vectors were extremely close to Φ−1 (0.75) = 0.674. We estimated the
CDE for the same change in the exposures, from z∗ to z, fixing the mediator at the observed
25th, 50th, and 75th percentiles of the mediator in the corresponding true underling dataset.
Second, we conducted meditation analyses for the joint effect of the metal mixture using
both causal mediation methods and traditional approaches. Specifically, we used causal
mediation methods or the “linear approach” in which we fit linear regression models for both
the mediator and outcome and allowed for exposure-mediator interactions in the outcome
model (VanderWeele and Vansteelandt, 2009, 2010; Valeri and VanderWeele, 2013). For
the “traditional approach,” we estimated the NDE and NIE without considering exposure-
mediator interactions using the product method extended for multiple exposures (Baron and
Kenny, 1986). Derivations of the closed form solutions to estimate causal mediation effects
under the linear and traditional methods are included in Appendix B. For these analyses, we
considered the same change in exposures as with BKMR–CMA, a change in the metals from
their 25th to 75th percentiles in the underlying data for the NDE, NIE, TE, and CDEs. For
the CDEs, we fixed the mediator to its 25th, 50th, and 75th percentiles in the corresponding
true underling dataset.
3.2 Simulation results
The empirical median and 95% CIs of the estimates across the 500 simulated datasets for
the five scenarios are displayed in Figure 3 for the TE, NDE and NIE and Figure 5 for the
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CDEs. We observed similar results for the TE as we did for the CDEs when we intervene
to fix the mediator at its 25th, 50th, and 75th percentiles in the true underlying datasets.
We noticed similar patterns in the empirical distributions for the TE, NDE, and NIE when
L = 3 and L = 10. For scenario one, we observed equivalent performance of the methods
across the mediation effects, with the exception that BKMR–CMA without variable selection
is slightly biased when L = 10. As the scenarios depart from linearity, we observe larger
differences in the methods across the mediation effects. BKMR–CMA consistently had equal
or smaller bias than the linear and traditional methods for scenarios two through four, with
notably smaller bias when L = 10. The largest difference between methods was for scenario
four, the only case when two exposures have an effect on the mediator. Under this scenario,
BKMR–CMA with and without variable selection was much closer to the truth for all effects
than the other methods.
The root mean squared error (rMSE) under the four data generating scenarios we con-
sidered are shown in Figure 4 for the TE, NDE and NIE and Figure 6 for the CDEs. Uni-
versally, we observed our BKMR–CMA approach with variable selection to perform on par
or better than current methods in terms of rMSE. With a larger number of elements in the
mixture, we saw BKMR–CMA with variable selection performed better than BKMR–CMA
without variable selection. This suggests that as the number of exposures increases and the
dose-response surfaces become increasingly more complex, BKMR-CMA outperforms other
approaches with respect to estimation within a causal mediation framework.
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4 Data analysis
4.1 Study population
We applied our BKMR–CMA methodology to quantify the contribution of birth length (BL)
as a mediator between in utero co-exposure to arsenic (As), manganese (Mn) and lead (Pb),
and children’s neurodevelopment, in a prospective birth cohort in rural Bangladesh. This
cohort has previously been described (Gleason et al., 2014; Kile et al., 2014; Valeri et al.,
2017). We excluded 2 mother-infant pairs where the infant had outlying birth lengths (BL
> 6 standard deviations from the mean), for a total sample of 727. Researchers measured in
utero metal exposure to As, Mn and Pb from umbilical cord venous blood samples. Collabo-
rators in Bangladesh administered the Bayley Scales of Infant and Toddler DevelopmentTM,
Third Edition (BSID-IIITM) to children 20-40 months after birth and neurodevelopment was
measured as the raw cognitive development score (CS) (Bayley, 2006). We controlled for
child sex, maternal IQ, maternal education (less than high school vs. at least high school),
maternal protein intake (low vs. medium vs. high tertiles), secondhand smoke exposure at
baseline (smoking environment vs. non-smoking environment), HOME score, and maternal
age at delivery in all analyses. When conducting our analyses, we log transformed, centered,
and scaled metal concentrations, and centered and scaled CS, BL, and continuous confounder
variables.
4.2 Models
We modeled the effect of co-exposure to As, Mn and Pb on BL via a BKMR mediator model
(8). To model the joint effect of the metal mixture and birth length on neurodevelopment,
we fit a BKMR outcome model (9) with all three metals, age at BSID-III testing and birth
length in the kernel function. We fit both models with and without component-wise variable
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selection. We graphically examined the relationship between the metal mixture, child’s age
and birth length and the relationship between the metal mixture and birth length on the
neurodevelopment.
We simulated counterfactuals to estimate the NDE, NIE, and TE for a change in the
raw exposures from z∗ = (As.25 = 0.56µg/dL, Mn.25 = 4.72µg/dL, Pb.25 = 1.15µg/dL),
all metals set at their corresponding 25th percentile, to z = (As.75 = 1.58µg/dL, Mn.75 =
17.80µg/dL, Pb.75 = 2.42µg/dL), all metals set at their 75
th percentile, when age at testing
was set at its 10th percentile of 24.6 months and its 90th percentile of 31.0 months. We also
calculated the CDEs for a change in exposure from z∗ to z when birth length was set to
its 10th percentile of 44cm, median value of 46cm, and 75th percentile of 48cm, fixing age
to 24.6 and 31.0 months. We estimated the mediation effects individually for the models fit
with and without variable selection and compared these results to the effects estimated by
(1) the linear method including an age at testing by Mn interaction, (2) the linear method
without an age at testing by Mn interaction, and (3) the traditional method. For methods
1-3 listed above, we included child’s age at the time of the Bayley Scale administration and
a child’s age squared when modeling children’s neurodevelopment.
4.3 Results
Figure 7 shows age at testing modifies the relationship between the metal mixture and
neurodevelopment. We observed a significant harmful effect of the metal mixture on neu-
rodevelopment when age was fixed at its 10th percentile value of 24.6 months and a null
effect when age was fixed to its 90th percentile value of 31.0 months. The significant harmful
effect seen when age of testing was fixed at 24.6 months was driven by Mn (Figure 7B).
Figure 8 displays the bivariate effect on neurodevelopment of each element listed on the
top when the element listed on the right was fixed at its 25th, 50th or 75th percentiles, and all
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remaining elements were fixed at their median. We observed nonlinear associations of age at
testing and BL with neurodevelopment and interactions between age and both birth length
and Mn. There also appeared to be small interactions of Mn and Pb with birth length on
neurodevelopment.
Figure 9 summarizes the the mediation effects for a change of the raw metal mixture
from z∗ = (As.25 = 0.56µg/dL, Mn.25 = 4.72µg/dL, Pb.25 = 1.15µg/dL) to z = (As.75 =
1.58µg/dL, Mn.75 = 17.80µg/dL, Pb.75 = 2.42µg/dL) when age at testing was either fixed
at 24.6 or 31.0 months. We observed substantial differences between the results for the
two age at testing percentiles when the mediation effects were estimated with more flexible
methods. Specifically, we observed a large TE and NIE for our BKMR–CMA approach both
with and without variable selection when age at testing was fixed at 24.6 months (Figure
9A), however, this effect was null when age at testing is fixed to 31 months (Figure 9B).
When examining the CDEs, only more flexible models show noticeable differences in the
effects as BL is fixed at higher quantiles. BKMR–CMA showed that, among children who
were tested earlier, the harmful direct effect of the metal mixture on neurodevelopment was
reduced upon hypothetical intervention to fixed BL at higher quantiles.
5 Discussion
We have proposed a BKMR–CMA as a way to estimate the direct and indirect effects of an
environmental mixture on an outcome through an intermediate variable. To our knowledge,
this is the first method presented in the causal inference literature to estimate these effects
when the exposure of interest is a potentially complex mixture, without a priori knowledge
of the exposure-mediator and exposure-mediator-outcome relationships. This method allows
for complex relationships between the elements of the mixture, the mediator, and other con-
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tinuous variables through the joint kernel specification in the outcome model. Our extension
of causal mediation methodology that allows for a mixture of exposures is important for
many environmental health applications.
We estimate the TE, NDE, NIE, and CDEs through simulation of counterfactuals from
the posterior predictive distribution for each MCMC iteration and make inference from these
posterior samples of the mediation effects. Our simulation shows our proposed BKMR–
CMA approach performs better than current methods when the underlying data generation
mechanisms is not adequately modeled as a collection of linear models. In the presence of
complex data generation scenarios, we advise to use our approach over other methods, as
BKMR–CMA does not place assumptions on the relationships between the mixture elements,
mediator and outcome.
Applying these methods to a prospective Bangladeshi birth cohort, we found a nega-
tive association of co-exposure to lead, arsenic, and manganese on neurodevelopment, a
negative association of exposure to this metal mixture on birth length, evidence that birth
length mediates the effect of co-exposure to lead, arsenic, and manganese on children’s neu-
rodevelopment, and age modifies these relationships. If birth length were fixed to its 75th
percentile value of 48cm and age fixed to its 10th percentile value of 24.6 months, the di-
rect effect of the metal mixture on neurodevelopment is smaller, suggesting that targeted
interventions on fetal growth could potentially block part of the adverse effect of metals on
neurodevelopment. Current methods do not fully capture the complex exposure-mediator
and exposure-mediator-outcome surfaces and their relationship with age, even when an age
by Mn interaction is included in the model for cognitive score. This demonstrates the im-
portance of using a flexible method, such as our BKMR–CMA approach, when estimating
mediation effects of a mixture.
Our BKMR–CMA algorithm easily extend to non-normal outcomes and mediators. If the
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outcome is binary, the probit regression option in the bkmr R package can be used and our
code can be implemented to estimate the mediation effects (Bobb et al., 2018). The general
approach we present can be used to estimate mediation effects for any Bayesian mediator
and outcome models. BKMR–CMA is useful in several settings, including when there is a
high dimensional exposure, when there are multiple exposures and effect modifiers, or both.
One can use the hierarchical variable selection option in the bkmr package in addition to
component-wise variable selection presented here.
Many limitations of our method are due to the increasing computation time required to
fit BKMR and predict counterfactuals as the number of exposures and sample size increase.
In some applications, exposure to mixtures with more than ten elements is common. When
L is significantly greater 10, simulations studies would need be conducted to see how our
method preforms. In the current formulation of our algorithm, we assume the mediator
and outcome models are independent. Although this is a common assumption in causal
mediation literature, this is a limitation of our methods. In our data application, our results
are limited by potential residual confounding by malnutrition.
In future work, we plan to consider joint specification of the mediator and outcome models
to reduce the assumptions needed for BKMR–CMA to be interpreted causally. We also hope
to extend these methods to allow for multiple mediators and/or multiple outcomes. Overall,
we find BKMR–CMA to be a potentially useful tool to estimate mediation effects when the
exposure of interest is an environmental mixture.
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A Algorithm to estimate CDEs using BKMR–CMA
1. Fit BKMR outcome model (9).
2. For each MCMC iteration, j = 1, . . . , J :
(a) Estimate the average outcome value for the mean level of covariates at the specific
mediator value of interest for z˜ =
(
z z∗
)T
from (9) (i.e. estimate Yz∗m and Yzm
for each MCMC iteration).
Y
(j)
z˜m(c¯) = E
(j)(Y |Z = z˜,M = m,C = c¯)
= h
(j)
Y (Z = z˜,M = m) + c¯
Tθ(j)
(b) Obtain the jth posterior sample of the CDE for a change of exposure from z∗ to
z intervening to fix the mediator at m by:
CDE(j) = Y (j)zm (c¯)− Y (j)z∗m(c¯).
3. Estimate the CDE and 95% credible intervals from these posterior samples.
Only two no unmeasured confounding assumptions are required for the CDE to have a causal
interpretation: Yzm q Z|C, Yzm q M |C,Z. Namely, there are no unmeasured exposure-
outcome confounders and there are no unmeasured mediator-outcome confounders.
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B Formulas to estimate causal mediation effects when the expo-
sure is a mixture
Consider the following linear regression models for the mediator and outcome:
E[M ] = β0 + β
T
1 Z + β
T
2 C, (B.1)
E[Y ] = θ0 + θ
T
1 Z + θ2M + θ
T
3 ZM + θ
T
4 C, (B.2)
where Z = (Z1, . . . , ZL)
T is a exposure mixture of L components, β1 = (β11, . . . β1L)
T ,
θ1 = (θ11, . . . θ1L)
T , and θ3 = (θ31, . . . θ3L)
T .
EY (Yzm|C = c) represents the expected outcome value had everyone been exposed to level
z and had their mediator been set to level m, fixing covariates to level c. EY (YzMz∗ |C = c)
represents the expected outcome value had everyone been exposed to level z and had their
mediator been set to the level it would have taken if exposure is set to z∗, fixing covariates
to level c. Then, considering models (B.1) and (B.2), and assuming (i) Yzm q Z|C, (ii)
Yzm qM |C,Z, (iii) Mz q Z|C, and (iv) Yzm qMz∗|C, we can estimate these effects as:
EY (Yzm|C) (i)−(ii)= EY (Y |Z = z,M = m,C = c) by consistency
= θ0 + θ
T
1 z + θ2m+ θ
T
3 zm+ θ
T
4 c
EY (Yz∗m|C) (i)−(ii)= EY (Y |Z = z∗,M = m,C = c) by consistency
= θ0 + θ
T
1 z
∗ + θ2m+ θ
T
3 z
∗m+ θT4 c
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EY (YzMz∗ |C) =
∫
m
EY (Yzm|Mz∗ = m,C = c)dPMz∗ (m|C = c)
(iii)
=
∫
m
EY (Yzm|Mz∗ = m,C = c)dPMz∗ (m|Z = z∗,C = c)
(iv)
=
∫
m
EY (Yzm|C = c)dPM(m|Z = z∗,C = c) by consistency
(i)−(ii)
=
∫
m
EY (Y |Z = z,M = m,C = c)dPM(m|Z = z∗,C = c) by consistency
=
∫
m
θ0 + θ
T
1 z + θ2m+ θ
T
3 zm+ θ
T
4 c dPM(m|Z = z∗,C = c)
= θ0 + θ
T
1 z + θ
T
4 c +
(
θ2 + θ
T
3 z
) ∫
m
m dPM(m|Z = z∗,C = c)
= θ0 + θ
T
1 z + θ
T
4 c +
(
θ2 + θ
T
3 z
)
EM(M |Z = z∗,C = c)
= θ0 + θ
T
1 z + θ
T
4 c +
(
θ2 + θ
T
3 z
) [
β0 + β
T
1 z
∗ + βT2 c
]
By similar logic,
EY (YzMz |C) = θ0 + θT1 z + θT4 c +
(
θ2 + θ
T
3 z
) [
β0 + β
T
1 z + β
T
2 c
]
EY (Yz∗Mz∗ |C) = θ0 + θT1 z∗ + θT4 c +
(
θ2 + θ
T
3 z
∗) [β0 + βT1 z∗ + βT2 c]
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Thus,
CDE(m) = EY (Y |Z = z,M = m,C = c)− EY (Y |Z = z∗,M = m,C = c)
=
(
θT1 + θ
T
3m
)
(z− z∗)
NDE =
∫
c
EY (YzMz∗ |C)− EY (Yz∗Mz∗ |C)dPC(c)
≈ EY (YzMz∗ |C¯)− EY (Yz∗Mz∗ |C¯)
= θ0 + θ
T
1 z + θ
T
4 c¯ +
(
θ2 + θ
T
3 z
) [
β0 + β
T
1 z
∗ + βT2 c¯
]−(
θ0 + θ
T
1 z
∗ + θT4 c¯ +
(
θ2 + θ
T
3 z
∗) [β0 + βT1 z∗ + βT2 c¯])
= θT1 (z− z∗) + θT3 (z− z∗)
[
β0 + β
T
1 z
∗ + βT2 c¯
]
NIE =
∫
c
EY (YzMz|C)− EY (YzMz∗ |C)dPC(c)
≈ EY (YzMz |C¯)− EY (YzMz∗ |C¯)
= θ0 + θ
T
1 z + θ
T
4 c¯ +
(
θ2 + θ
T
3 z
) [
β0 + β
T
1 z + β
T
2 c¯
]−(
θ0 + θ
T
1 z + θ
T
4 c¯ +
(
θ2 + θ
T
3 z
) [
β0 + β
T
1 z
∗ + βT2 c¯
])
=
(
θ2 + θ
T
3 z
) [
βT1 (z− z∗)
]
When considering traditional approaches to model the outcome, we do not include exposure-
mediator interactions in (B.2). We therefore model the outcome as:
E[Y ] = γ0 + γ
T
1 Z + γ2M + γ
T
3 C. (B.3)
We estimate the traditional mediation effects for an exposure mixture as:
NDE = γT1 (z− z∗) ,
NIE = θ2β
T
1 (z− z∗) .
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Figure 1: Dose-response surfaces used in our simulation to generate the mediator and out-
come values. h2,lin includes an additive interaction and h2,log and h2,quad include a synergistic
interaction of the 2 components z1 and z2.
Scenario hM hY
1 h1,lin(Mn) h1,lin(Mn,BL)
2 h1,log(Mn) h2,log(Mn,BL)
3 h1,quad(Mn) h2,log(Mn,BL)
4 h2,quad(Mn,Pb) h2,quad(Mn,BL)
Table 1: Exposure-mediator and exposure-mediator-response surfaces used for data gener-
ation in our simulations. The metals and BL indicate which elements are taken to have a
true effect on the mediator and outcome. Graphical representation of the h(·) functions are
depicted in Figure 1.
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Figure 2: Covariance structure Σ considered in our simulation when L = 3 and L = 10.
The covariance for manganese (Mn), arsenic (As), and lead (Pb) from Bangladesh after log
transform and standardization.
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Figure 3: Empirical median and 95% CI calculated from the estimates of the TE, NDE and
NIE across the 500 datasets using our proposed BKMR–CMA approach (with and without
variable selection), the linear method, and the traditional method under each simulation
scenario. The truth for each mediation effect and scenario are depicted as black dots. Results
are presented for a mixture of dimension three and ten.
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Figure 4: A comparison of rMSE from our simulation when the TE, NDE and NIE are
estimated by our BKMR–CMA approach (with and without variable selection), the linear
method, and the traditional method. These results are shown for four different data gener-
ation scenarios and when the number of mixture components is three and ten.
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Figure 5: Empirical median and 95% CI calculated from the estimates of the CDEs across
the 500 datasets using our proposed BKMR–CMA approach (with and without variable
selection), the linear method, and the traditional method under each simulation scenario.
The CDEs presented are for when birth length is fixed to its 25th, 50th, and 75th percentiles
in the true underlying dataset for each scenario. The truth for each mediation effect and
scenario are depicted as black dots. Results are presented for a mixture of dimension three
and ten.
32
lll
l
ll
l
ll
l
ll
0.0
0.1
0.2
0.3
0.4
1 2 3 4
scenario
rM
SE
Controlled Direct Effect (m =  M0.25 , L=3)
ll
l l
l
l
l
l
l
l
ll
0.0
0.1
0.2
0.3
0.4
1 2 3 4
scenario
rM
SE
Controlled Direct Effect (m =  M0.25 , L=10)
lll
l
ll
ll
l
l
l
l
0.0
0.1
0.2
0.3
0.4
1 2 3 4
scenario
rM
SE
Controlled Direct Effect (m =  M0.5 , L=3)
ll
l
l
l
l
ll
l
l
l
l
0.0
0.1
0.2
0.3
0.4
1 2 3 4
scenario
rM
SE
Controlled Direct Effect (m =  M0.5 , L=10)
l
ll
lll
l
ll
ll
l
0.0
0.1
0.2
0.3
0.4
1 2 3 4
scenario
rM
SE
Controlled Direct Effect (m =  M0.75 , L=3)
l
l
l
l
ll lll
l
l
l
0.0
0.1
0.2
0.3
0.4
1 2 3 4
scenario
rM
SE
Controlled Direct Effect (m =  M0.75 , L=10)
●
●
●
●●●
●
●●
●●
●
0.0
0.1
0.2
0.3
0.4
1 2 3
scenario
rM
SE
method
●
●
●
BKMR−CMA
BKMR−CMA w/ VS
linear
Controlled Dir ct Effect (m =  M0.75 , L=3)
Figure 6: A comparison of rMSE from our simulation when the CDEs are estimated by our
BKMR–CMA approach (with and without variable selection), the linear method, and the
traditional method. The CDEs presented are for when birth length is fixed to its 25th, 50th,
and 75th percentiles in the true underlying dataset for each scenario. These results are show
for four different data generation scenarios and when the number of mixture components is
three and ten.
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Figure 7: The joint effect of co-exposure to As, Mn and Pb on neurodevelopment and single
variable effects observed in our Bangladeshi cohort estimated by BKMR. Presented when
age is fixed at its 10th percentile of 24.6 months (A,B) and 90th percentile of 31.0 months
(C,D). The average change in cognitive score for a joint change in the metal mixture from
the quantile value on the x-axis to the median (estimates and 95% CI), when age is fixed
at 24.6 months (A) and 31.0 months (C). Single metal associations with neurodevelopment
(estimates and 95% CI, gray dashed line a the null). These figures show the average change
in cognitive score for a change in a single metal from its 25th to 75th percentile, fixing the
other metals at their 25th, 50th, or 75th percentiles, when age is fixed at 24.6 months (B) and
31.0 months (D).
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Figure 8: Bivariate associations between each element listed on the top and neurodevelop-
ment, when the element listed on the right is fixed at its 25th, 50th or 75th percentiles, and
the remaining elements are fixed at their median.
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Figure 9: Mediation effects estimated in our Bangladeshi cohort using BKMR–CMA with
and without variable selection, the linear method with and without an age by Mn interaction,
and the traditional method. All effects are estimated for a change of the metal mixture from
its raw 25th percentile a∗ = (As.25 = 0.56µg/dL, Mn.25 = 4.72µg/dL, Pb.25 = 1.15µg/dL) to
its raw 75th percentile a = (As.75 = 1.58µg/dL, Mn.75 = 17.80µg/dL, Pb.75 = 2.42µg/dL)
and fixing age at its 10th percentile of 24.6 months (A) and 90th percentile of 31.0 months
(B). The CDEs are calculated as the direct effect from a∗ to a intervening to fix the mediator
at its 10th, 50th, 75th percentiles values of 44, 46, and 48cm respectively.
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